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Outline

= Review of Fundamental Information Theory

= Capacity in AWGN

= Capacity of flat fading channel

= Capacity of frequency selective fading channel

(To be skipped)



Channel Capacity

= How to calculate how many data we can transmit over
the channel ??

= Wireless channel is
= Time invariant / varying
= Frequency flat / selective
= Claude Shannon established theory

= Channel capacity is mutual information maximized
over all possible input distribution

= Shannon’s coding theory
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Capacity in AWGN Channel

= Discrete time AWGN (additive white Gaussian noise)
channel
yln] = x[n]+w(n]

= Channel capacity

C = Blog,(1+y) [bps]

P

Yy = NO_B - SNR (signal to noise ratio)

P = E{|x[n]|*}
%: Power spectral density of noise
B: Baseband signal bandwidth
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Information and Entropy

= Self information on a discrete system

[(x) = —log, p(x) [bits]

= Random variable with possible outcomes (alphabet) of
Xi E X
= Entropy (Average information) is given by

N N
HOO = ) p)I () = = ) p(xi) logp(x)
i=1 =1

Mean of the information over all source alphabets of X
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Discrete Memoryless Channel

= Statistical model with an input X and an output Y which
IS noisy version of X

X —p0lx) — Y
p(x) Transition probability p(y) = z p(y]x)p(x)

through the channel xX€X
Input or Priori prob. Output or Marginal prob.

= Alphabet X and Y are finite set = discrete

= The current output symbol depends only on the current
iInput symbol = memoryless
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Mutual Information
= Conditional self information on erroneous channel
I(x;|y;) = —logy p(x;|y;) [bits]
= Mutual information
I(xi;y;) = 10x) = I(x;y;) [bits]

= Error free channel (p(x;ly;) = 1)
1(x;; y;) = 1(x;) [bits]
= Independent between x and y (p(xi|yj) - p(xl-))

I(Xi;yj) =0 [bltS]
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Mutual Information (2)

= Entropy
HXIN = > peel@E) == ) py)logp(xly)

XEX,YyEY XEX,YyEY

HOO = = ) p(x) logp(x)

x€eX

= Mutual Information
I(X;Y) = HX) — H(X|Y)

= — Z p(x)logp(x) — (— Z p(x,y) logp(xly))

xXEX XEX,YEY

_ pCxly)
= > @y log( e )

XEX,YEY

_ p(xi. ;)
p(x;ly;) = ()

= Commutation Property

I(X;Y) = H(X) — HX|Y) = H(Y) — H(Y|X)
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Mutual Information (3)

= Capacity is defined as the maximum mutual information
of channel

I(X;Y) = H(X) — H(X|Y)

=—zp(x)logp(x)—<— Z p(x,y)logp(xly)>

xeX XEX,yEY
_ p(x,y)
) xexzyeyp(x' 7oe (p(x)p(y))
= Capacity
p(x,y)
c=maioon =gy 3. pentes(GrS) @)

XEX,yEY

= For AWGN, maximizing input distribution is Gaussian
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Capacity in AWGN Channel

s Let's consider additive Gaussian noise channel

w

W : Gaussian E[X?]=P

. NI E[W?] = 52
NP/ 21 _ 2 21 _ 2
vy W E[Y?] = E[X?] +E[W¥] =P +o

I(X;Y)=I1(Y;X) = HY) — H(Y|X)
p(ylx) = pw)
p(x,y) =p|x)px) = px)p(w)

HY|X) = - [f p(x,y) logp(ylx) dxdy
= — [[ p(x)p(w) logp(w) dxdw
= —[pw)logp(w)dw = HW) = logV2meo?

HY) =-[p®)logp(y)dy =log+2me(P + o2)
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Capacity in AWGN Channel

s Let's consider additive Gaussian noise channel

I(X;Y) =1(Y;X) = HY) — H(Y|X)

= log+/2me(P + 02) — log+/ 2mea?

1 P 1
max [ (X;Y) = =log, (1+ )=—10g2(1+)/)
p(x) 2 2

D € =1 =82 — Blog,(1 +7) [bps]
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Entropy of Gaussian Dist.

The entropy of a one-dimensional Gaussian distribution whose standard deviation is = 1s given by

P i
Hix) = logVv 2rer.

This is calculated as follows: C. Shannon. “A Mathematical
. 1 2.7 Theory of Communication,”
p\x) Vs The Bell System Technical
_ 2 Journal, Vol. 27, pp. 379-423,
logp(x) = logV 270 + ,_;H;_. 623-656, July, October, 1948.
Hix) /Ip[:f] logpix)dx
/ pix)log V2r
o2
li}E Vo2 fT + 57
_f'-"

Fe —
logv' 270 + logve

e
logv 2mer.
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Capacity of Flat-Fading Channels

= Channel and System model

Transmitier

b
i

Channel

AN I

—-e Encoder

P x[¢]

Receiver

= Decoder ——=

rrrrr

Figure 4.1: Flat fading channel and system medel,

= Capacity depends on what is known about channel at

RX/Tx

= Channel distribution information
= CSI (channel side information) at Rx
= CSI| at both Rx and Tx

-----------------------------------
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CSI known at Receiver

= Fading Known at Receiver Only
= Vvia channel estimation
= Shannon Capacity (Ergodic Capacity)

= Maximum rates that can be sent over the channel
with small error probability
= Capacity with outage

= Maximum rate that can be transmitted over the
channel with outage prob. that the transmission
cannot be decoded with negligible error prob.

= Outage prob. characterizes the prob. of data loss or
deep fading
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CSI at Receiver: Shannon Capacity
= Shannon (ergodic) capacity of fading channel

Jensen’s inequality

C = j Blog,(1+y)p(y)dy < Blog,(1+y) (4.4)
0 C @ AWGN channel

= Only the Rx knows the instantaneous SNR, so the data
rate transmitted over the channel is constant

= Shannon capacity of a fading channel is less than that of
an AWGN channel with the same Ave. SNR
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CSI at Receiver: Capacity w/ Outage

s X fixes a minimum received SNR and encodes for a

datarateas (C =B log, (1 + Ymin)

= The data is correctly received if the instantaneous Rx
SNR > min Rx SNR

4

 Rayleigh fading : Ave. SNR =20 dB
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CSI at Rx/Tx: Shannon Capacity

= For fixed transmit power, same as with only receiver
knowledge of fading (variable coding rates)

¢ = Blog(1+vp(dy (@)
0

= Transmit power P(y) can also be adapted

= Leads to optimization problem

C = max jooB log (1 + L(y)>p(y)dy (4.9)
P(:EP(NI=P J,, ? p '
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CSI at Rx/Tx: Shannon Capacity (2)

= |t effectively reduces the time-varying channel to a set of
time-invariant channels in parallel

] yli]

: | vy Encoder | k] E yali]
T o :

= 1 H
L~ &l ¥y Decoder| i

——xlkl | = velil i)

¥1 Encoder ——»]
Rl A
.

et O TN N

ol

= y; Decoder| i
. f

vy Encoder

.Vxlkl

ynli]

|
vy Decoder|

System Encoder System Decoder
Figure 4.4: Multiplexed coding and decoding.

Power constraint : J Py)p(y)dy =P (4.8)
0
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Optimal Adaptive Scheme

= Power Adaptation
\‘\ /I 7K I:E EE
( 1 1 X Z R
PO) _)——= (r=vo)
P 1Yo VY
L0 ¥ <7o)

_ - (4.12) |
= Optimum Capacity |

Figure 4.5: Optimal power allocation: waterfilling.

¢ Jool (]/) (Y)dy (4.13)
—_ = 0] —_ ]
B , 82 ” ply)ay

0

“P) o101 _
ForyJ p(y)dy = fyo (V—O—;>p()/)dy—1 (1‘;)14-
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Zero Outage Capacity

= Fading is inverted to maintain constant SNR (channel
Inversion) by Tx’s power control

= Simplifies design (fixed coding rate) P(y)
. : ——Y =0
Capacity , P st
C = Blog,(1+ o) = Blog, (1 + 1/E [;D
PO (415
. T]/ =0
P()’)] H 1
E — | = E —| = 0 =
[ P Y E[1/y]

= greatly reduced relative to Shannon Capacity
= becomes zero in Rayleigh fading
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Maximum Outage Capacity

= Truncated inversion
= Invert channel above cutoff fade depth
= Constant SNR (fixed rate) above cutoff
= Cutoff greatly increases capacity

=« Close to optimal

PO) _fo/v v=vo
P 0 v<vo

E

C =Blog, [ 1+ , o 1
Yo [;] = fyo ;P(V)d)/

£ [%] p(y = vo)

= Find maximum w.r.t. vy,

C =maxBlog, [ 1+ T p(y = vo)
ey
oLy
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Capacity comparison in Flat-Fading

= Log normal distribution

C/B [bits/Sec/Hz]

Oy =8

10

—¥— AWGN Channel Capacity
— Shannon Capcity W TX-RX CSI (4.13)
| Shannon Capcity WRX CSI (4.4)

— 1 Maximum Outage Capacity (4.22)
—©— Zero-Outage Capcity (4.18)
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Capacity comparison in Flat-Fading (2)
= Rayleigh distribution

10 ! ! ! ! !
—¥— AWGN Channel Capacity
— Shannon Capcity W TX-RX CSI (4.13) /
gt Shannon Capcity WRX CSI (4.4) a
— 1 Maximum Outage Capacity (4.22) 4 )
—©— Zero-Outage Capcity (4.18) / /
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Capacity comparison in Flat-Fading (3)
= Nakagami-m distribution

C/B [bits/Sec/Hz]

m=2

10 ! ! ! !

—*— AWGN Channel Capacity

—©— Zero-Outage Capcity (4.18)

— Shannon Capcity w/TX-RX CSI (4.13)
| T Shannon Capcity WRX CSI (4.4)
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Capacity comparison in Flat-Fading (4)
= SNR distributions (@Ave. SNR=30 dB)

1 ! i ,

Lognormal /
Rayleigh /
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Capacity comparison (1)
= Capacity in AWGN channel is larger than that in fading
channel for all cases

= At low SNR, AWGN and fading channel with Tx/Rx CSI
have almost the same capacity

= At negative SNR, capacity of the fading channel with
Tx/Rx CSIl is larger than that in AWGN channel

= For low severity of fading, capacity difference between
various adaptive policies decreases and approach that
of the AWGN channel
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Capacity comparison (2)
= Capacities with Tx/Rx CSI and Rx CSI only are almost

same —> power adaptation yields a negligible gain since
coding rate is adapted relative to the channel

= [rade-off between capacity and complexity
= Adaptive policy
= Increase Tx complexity but allows simple Rx decoder
= Non-adaptive policy

= Needs relatively simple Tx encoder but its code design must
use the channel correlation statistics

=« Decoder complexity is proportional to the channel
decorrelation time
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Frequency Selective Fading Channels

= For Tl channels, capacity achieved by water-filling in
frequency

= Capacity of time-varying channel unknown
= Approximate by dividing into subbands
»« Each subband has bandwidth B,
= Independent fading in each subband
= Capacity is the sum of subband capacities

LH®?

— -]
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